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Abstract
Assuming the validity of two standard conjectures, we show that
the set of the values of the Euler totient function ϕ has Banach density
1/4. The paper raises the question to prove unconditionally that this
Banach density lies in a proper subset of [0, 1/2].
1 Introduction
In [2], Mithun Kumar Das, Bhuwanesh Rao Patil and the second
named author of this paper have studied the local behaviour of some
sequences of integers associated to Euler’s totient function ϕ. One of
the tools they use is the Banach density, also called upper uniform
density. For a sequence of integers A, its Banach density is defined by
δ∗(A) = lim
H→∞
lim sup
x→∞
1
H
Card(A ∩ [x, x+H]).
They claim that the sequence V of the values of the ϕ function
over the positive integers has Banach density 0 and notice in [3] that
their argument is not complete. The main aim of this paper is to show
that, assuming two standard conjectures, namely Dickson-Schinzel H-
hypothesis and Oesterle´-Masser abc-conjecture, the Banach density of
V is 1/4.
Let us recall the two conjectures we shall take for granted. The
first one is a conjecture of Dickson [4], which has been generalised
by Schinzel [6] to the case of irreducible polynomials (in the state-
ment of the conjecture, replace the word “linear” by “non constant
irreducible”).
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Conjecture 1 (Dickson-Schinzel H-hypothesis). Let s be a positive
integer and F1, F2, . . . , Fs be s linear polynomials with integral coeffi-
cients and positive leading coefficient such that their product has no
fixed prime divisor 1. Then, there exist infinitely many positive inte-
gers t such that F1(t), F2(t), . . . , Fs(t) are all primes.
Conjecture 2 (Oesterle´-Masser abc-conjecture, [5]). For any positive
ε, there exists a positive real Kε such that for any triplet of non zero
coprime integers a, b, c such that a+ b+ c = 0, one has
max(|a|, |b|, |c|) ≤ Kε(rad(|abc|))
1+ǫ, where rad(n) =
∏
p prime
p|n
p.
Our main result is the following;
Theorem 1. Assume Dickson-Schinzel H hypothesis and Oesterle´-
Masser abc-conjecture. Then, the set of the values of Euler’s ϕ func-
tion has Banach-density 1/4.
Theorem 1 is an immediate consequence of the following two the-
orems.
Theorem 2. Assume the validity of Dickson-Schinzel H hypothesis.
For any positive integer H, there exist positive integersM,m1, . . . ,mH
such that
∀h ∈ [1,H] : ϕ(mh) =M + 4h.
More generally, for any permutation τ of {1, 2, . . . ,H}, there exist
positive integers M,m1, . . . ,mH such that
mτ(1) > · · · > mτ(H) and ∀h ∈ [1,H] : ϕ(mh) =M + 4h. (1)
Remark 1. For any multiplicative function f which is strictly affine
on the primes (i.e. there exist integers a > 0 and b 6= 0 such that
for any prime p one has f(p) = ap + b), the method used to prove
Theorem 2 permits to prove that, assuming the H-hypothesis, the set
of the values of the function f contains arbitrary long arithmetic pro-
gression with a fixed difference and thus has a positive Banach density.
In particular, this applies to the set of the values of the sum of the
divisors function.
1We say that the prime number p is a fixed prime divisor of a polynomial G if we have:
∀t ∈ Z : p|G(t).
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Theorem 3. Assuming the Oesterle´-Masser abc-conjecture, we have
lim
H→∞
lim sup
h→∞
1
H
Card (V ∩ {4h + 6, 4h + 10, . . . , 4h+ 4H + 2}) = 0.
(2)
Remark 2. It would be interesting to prove unconditionally that the
Banach-density of V lies in (0, 1/2) or at least in a proper subset of
[0, 1/2].
The letters p and q, with or without index or subscript, always
denote prime numbers.
2 Proof of Theorem 2
Step 1. Germain primes in arithmetic progressions
Although our subsequent construction will use Germain primes 2,
it is possible to avoid them and avoid Dickson-Schinzel hypothesis at
that stage, but their use will make our life easier.
Lemma 1. Assume the validity of the H-hypothesis. Let a be a positive
integer and b be an integer such that both b and 2b + 1 are coprime
to a. The arithmetic progression with difference a and first term b
contains infinitely many Germain primes.
Proof. We show that the polynomial G defined by
G(t) = (at+ b)(2at+ 2b+ 1)
has no fixed prime divisor.
2 is not a fixed divisor: otherwise, a = (a× 1+ b)− (a× 0+ b) is even
and then b is even, a contradiction.
If p > 2 does not divide a, then the polynomial G modulo p is of
degree two: it has at most two roots and cannot have p roots.
If p > 2 divides a, then the polynomial G modulo p is the constant
b(2b+1), which is coprime with p, otherwise we would have gcd(a, b) >
1 or gcd(a, 2b + 1) > 1, a contradiction with our hypothesis.
By the H-hypothesis, there exist infinitely many t such that at+ b
is prime, as well as 2at+ 2b+ 1 = 2(at+ b) + 1.
2 A prime number p is said to be a (Sophie) Germain prime if 2p+ 1 is also a prime
number.
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Step 2. Construction of a suitable family of primes.
The proof will make use of a family of Germain primes satisfying
some congruence and size properties, the existence of which is asserted
by the following proposition.
Proposition 1. Let H ≥ 5 and τ be a permutation of {1, 2, . . . ,H}.
Under the H-hypothesis, one can find H Sophie Germain primes p1,
p2, . . . , pH such that
p1 > 4H+1 and for any h in [1,H−1] : ph+1 > 3ph(2ph+1)
3. (3)
Further, for all h, k ∈ [1,H] with h 6= k and for all p ∈ [5,H], these
Sophie Germain primes satisfy the following relations;
gcd(2τ(h) + ph, p) = 1, (4)
gcd
(
2τ(h) + ph(2ph + 1)
3, p
)
= 1, (5)
gcd (ph − 2(τ(k) − τ(h)), pk(2pk + 1)) = 1, (6)
and gcd
(
ph(2ph + 1)
3 − 2(τ(k) − τ(h)), pk(2pk + 1)
)
= 1. (7)
Proof of Proposition 1
We let
ΠH =
∏
5≤p≤H
p prime
p.
We prove by induction that for any h between 1 and H, we can
find Germain primes p1, p2, . . . , ph such that
p1 > 4H + 1 and for any ℓ in [1, h − 1] : pℓ+1 > 3pℓ(2pℓ + 1)
3. (8)
Further,
∀ℓ ∈ [1, h],∀p ∈ [5,H] : gcd (2τ(ℓ) + pℓ, p) = 1, (9)
and gcd
(
2τ(ℓ) + pℓ(2pℓ + 1)
3, p
)
= 1, (10)
∀k < ℓ ≤ h : gcd(pℓ − 2(τ(k) − τ(ℓ)), pk(2pk + 1)) = 1, (11)
∀k < ℓ ≤ h : gcd(pℓ(2pℓ + 1)
3 − 2(τ(k) − τ(ℓ)), pk(2pk + 1)) = 1, (12)
∀k < ℓ ≤ h : gcd(pk − 2(τ(ℓ)− τ(k)), pℓ(2pℓ + 1)) = 1, (13)
∀k < ℓ ≤ h : gcd(pk(2pk + 1)
3 − 2(τ(ℓ)− τ(k)), pℓ(2pℓ + 1)) = 1. (14)
Construction of p1.
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For h = 1, conditions (11) to (14) are empty. Condition (8) will be
satisfied as soon as we know that there are infinitely many Germain
primes satisfying (9) and (10).
For p ∈ [11,H], we can always find a residue class r1(p) such
that r1(p), 2r1(p) + 1, 2τ(1) + r1(p) and 2τ(1) + r1(p)(2r1(p) + 1)
3
are all not equivalent to 0 modulo p, since we have to avoid at most
7 (= 1 + 1 + 1 + 4) residue classes modulo p.
This is also true for p = 5 and p = 7: indeed, for p = 5, the set of
residue classes A5 := {1(5), 1× (2×1+1)
3(5)} is disjoint from the set
of residue classes B5 := {3(5), 3× (2× 3+1)
3(5)} and that for p = 7,
the set of residue classes A7 := {1(7), 1 × (2 × 1 + 1)
3(7)} is disjoint
from the set of residue classes B7 := {2(7), 2× (2×2+1)
3(7)}. Hence
at least one of the sets A5+2τ(1) and B5+2τ(1) consists of non-zero
residue classes. Same applies to at least one of the sets A7 + 2τ(1)
and B7 + 2τ(1).
Having found suitable residue classes r1(p) for any prime p ∈ [5,H],
the Chinese remainder theorem permits us to find a positive integer
s(1) such that, for each prime p ∈ [5,H], none of the numbers s(1),
2s(1) + 1, 2τ(1) + s(1) and 2τ(1) + s(1)(2s(1) + 1)3 is congruent to 0
modulo p. Thus, by Lemma 1 the arithmetic progression with differ-
ence ΠH and first term s(1) contains infinitely many Germain primes
satisfying (9) and (10), and we can thus find such a prime satisfying
also (8).
We now apply induction to complete the proof of Proposition 1.
Let us now assume that for some h between 1 and H − 1 we have
constructed a family of h Germain primes satisfying relations (8) to
(14) and let us construct ph+1. It is enough to show that there exist
infinitely many Germain primes pℓ satisfying the relations (9) to (14)
where ℓ and h are replaced by h + 1. Our new relations (13) and
(14) are trivially satisfied as soon as ph+1 is large enough. For each
ℓ < h + 1, one can choose an integer rh+1(ℓ) satisfying the following
relations
gcd (rh+1(ℓ), pℓ(2pℓ + 1)) = 1,
gcd (2rh+1(ℓ) + 1, pℓ(2pℓ + 1)) = 1,
gcd (rh+1(ℓ)− 2(τ(ℓ)− τ(h+ 1)), pℓ(2pℓ + 1)) = 1,
gcd
(
rh+1(ℓ)(2rh+1(ℓ) + 1)
3 − 2(τ(ℓ) − τ(h+ 1)), pℓ(2pℓ + 1)
)
= 1.
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This is possible as we need to avoid at most 14 residue classes mod-
ulo pℓ(2pℓ + 1). Arguing as we did previously, we can find an in-
teger s(h + 1) such that all the numbers s(h + 1), 2s(h + 1) + 1,
2τ(h + 1) + s(h + 1) and 2τ(h + 1) + s(h + 1)(2s(h + 1) + 1)3 are
coprime to ΠH .
By the Chinese remainder theorem and H-hypothesis, there exist in-
finitely many Germain primes which satisfy the relations (9) to (12),
and we can choose one of them which is sufficiently large to satisfy
also (8), (13) and (14); we call such a prime ph+1.
This completes the proof of Proposition 1.
Step 3. Construction of an auxiliary polynomial F .
We consider the set {p1, p2, . . . , pH} introduced in Proposition 1
and for, h ∈ [1,H], we define the integer nh by
nh =
{
2ph, if τ(h) 6≡ 2 (mod 3),
2ph(2ph + 1)
3 if τ(h) ≡ 2 (mod 3).
(15)
We notice that, thanks to relation (3), the nh/2 are pairwise coprime.
We let
U = 12ΠH
(
H∏
h=1
n5h
)
and we select a positive integer r such that
r ≡
{
1 (mod 12ΠH)
1− 4τ(h) (mod (nh/2)
2) for all integer h ∈ [1,H].
(16)
For h ∈ [1,H], we define the polynomial Fh by
Fh(t) =
Ut+ r − 1 + 4τ(h)
nh
+ 1 (17)
and we let
F =
H∏
h=1
Fh.
It is readily seen that each Fh is a linear polynomial with integer co-
efficients and positive leading term.
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Step 4. The polynomial F has no fixed prime divisor.
If p does not divide U , the congruence F1(t)F2(t) · · ·FH(t) ≡ 0
(mod p) has at most H solutions in Z/pZ; but p is larger than H and
thus p is not a fixed divisor of F .
If p is equal to 2, one readily sees that for any t and any h, Fh(t)
is odd and so 2 is not a fixed divisor of F .
If p is one of ph or 2ph+1, by construction of Fh, the numerator in
(17) of Fh(t)−1 is divisible by p
2 and so, for any t, Fh(t) is congruent
to 1 modulo p. Let us now consider Fk for k 6= h. The numerator of
Fk(t) − 1 can be written Ut + r − 1 + 4τ(k) = Ut + r − 1 + 4τ(h) +
4(τ(k) − τ(h)). We thus have
Fk(t) ≡ (2(τ(k) − τ(h)) + nk/2)nk/2 (mod p),
where n denotes the inverse modulo p of an integer n coprime with p.
By (6), when nk/2 = pk or (7), when nk/2 = pk(2pk + 1)
3, for any t,
Fk(t) is not divisible by p.
If p is in the interval [5,H] and h in [1,H], we have for all t:
Fh(t) ≡ (2τ(h) + nh/2)nh/2 (mod p),
which is coprime to p by (4) or (5).
It remains to consider the case when p = 3. Again
Fh(t) ≡ (2τ(h) + nh/2)nh/2 (mod 3).
We notice that a Germain prime pG is always congruent to 2 modulo
3 and that pG(2pG +1)
3 is congruent to 1 modulo 3. Thus, thanks to
our definition of nh given in (15), Fh(t) is never divisible by 3.
Thus, the polynomial F has no fixed divisor.
Step 5. Finding integers satisfying (1).
Since the polynomial F has no fixed prime divisor, hypothesis H
implies that one can find a positive integer t0 such that for each h ∈
[1,H] the value of the polynomials Fh at t0 are prime numbers. Let
us write qh = Fh(t0) and M = Ut0 + r − 1.
We thus have
qh =
M + 4τ(h)
nh
+ 1. (18)
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We notice that nh is a value of the ϕ function, since ϕ(2ph+1) = 2ph
and ϕ((2ph + 1)
4) = 2ph(2ph + 1)
3. Let us write νh to be 2ph + 1 or
(2ph + 1)
4 so that nh = ϕ(νh). We have for all h
M + 4τ(h) = ϕ(qh)ϕ(νh) = ϕ(qhνh),
the last inequality coming from the fact that, by construction, qh is a
prime larger than νh and thus coprime with it.
We have thus already proved that for any positive H, the set of
the values of the ϕ function contains an arithmetic progression with
length H and difference 4.
Step 6. Completion of the Proof of Theorem 2.
We let α(h) be equal to 4 or 1 according as τ(h) is congruent to 2 or
not 2 modulo 3. With the notation introduced above, we wish to show
that the sequence (qhνh)h is decreasing. We have νh = (2ph + 1)
α(h)
and by (18)
qhνh =
(2ph + 1)(M + 4τ(h))
2ph
+ (2ph + 1)
α(h).
This leads to
qhνh − qh+1νh+1 > M
(
1
2ph
−
1
2ph+1
)
−
2H
ph+1
− (2ph+1 + 1)
4
>
M − 2H
ph+1
− 81p4h+1.
By definition, M − 2H is larger than U − 2H which is larger than
81p5h+1. Thus, the sequence (qhνh)h is decreasing.
For h ∈ [1,H], we let mh = qτ−1(h)ντ−1(h). The sequence (mτ(h))h
which is equal to the sequence (qhνh)h is decreasing, and for each h,
we have ϕ(mh) = ϕ(qτ−1(h)ντ−1(h)) =M + 4τ(τ
−1(h)) =M + 4h.
Theorem 2 is thus proved.
Remark 4. The use of the H hypothesis is not necessary in the
construction of a suitable polynomial F . By using a sieve method,
one can construct a polynomial
F (t) =
∏
1≤h≤H
(
Ut+ r − 1 + 4τ(h)
mh
+ 1
)
,
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such that each of its factors has integral coefficients, which has no fixed
prime divisor and such that for each h ∈ [1,H] the number mh + 1 is
prime and the sequence (mh)h is monotonic.
3 Local upper bounds for the counting
function of the elements of V
Proof of Theorem 3
Step 1. Description of the values of ϕ(N) congruent to 2 modulo 4.
The integers m for which ϕ(m) is congruent to 2 modulo 4 are,
besides the number 4, the integers m of the form 2ap1+k where p is a
prime congruent to 3 modulo 4, a is in {0, 1} and k ≥ 0. For such an
integer m, we have ϕ(m) = (p − 1)pk.
Step 2. Contribution of the ϕ(m) for which k = 0.
The number of the ϕ(m) in {4h+6, 4h+ 10, . . . , 4h+4H +2} for
which k = 0 is at most the number of primes in [4h+7, 4h+4H +3],
which is o(H) (cf. [1] in the context of the Banach density).
Step 3. Number of elements (p− 1)pk, with a given k ≥ 1, which
lie in a given interval.
We assume that h ≥ H2 and show that for any given k ≥ 1, the
interval [4h+6, 4h+4H +2] contains at most one integer of the form
(x− 1)xk, where x is an odd prime.
Assume that x is such a prime number. We have (x− 1)xk ≥ 4h+ 6,
whence xk+1 ≥ 4h, or x ≥ (4h)1/(k+1). We then have for any positive
even integer δ:
(x+δ−1)(x+δ)k−(x−1)xk ≥ δxk ≥ 2xk ≥ 2(4h)k/(k+1) ≥ 4h1/2 ≥ 4H.
Since (x−1)xk is in {4h+6, 4h+10, . . . , 4h+4H+2}, (x+δ−1)(x+δ)k
cannot be in {4h + 6, 4h + 10, . . . , 4h + 4H + 2}.
Step 4. Contribution of the ϕ(m) for which k > 0.
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We shall accept here the valididity of Conjecture 2, a weak form
of which can be stated as
There exists a positive integer K such that for any triplet (a, b, c) of
non-zero coprime integers such that a+ b+ c = 0, one has
max(|a|, |b|, |c|) ≤ K(rad(|abc|))1.5. (19)
We consider the I many numbers (pi−1)p
ki
i which belong to {4h+
6, 4h + 10, . . . , 4h + 4H + 2} and for which ki > 0. For a given H, if
h is large enough (for example h ≥ H), the pi are pairwise distinct
and we order them in such a way that p1 is the smallest of the pi. For
i > 1, there exists an integer ℓi with
0 < |ℓi| ≤ 4H and (pi − 1)p
ki
i = (p1 − 1)p
k1
1 + ℓi.
We let δ be the gcd of the three terms in the above equality and notice
that δ ≤ 4H. By (19) and our choice of p1, we have
(1/δ)(pi − 1)p
ki
i ≤ 8K (H(pi − 1)pi(p1 − 1)p1)
1.5 ≤ 8K(pi − 1)H
1.5p5i ,
whence
pkii ≤ 32KH
2.5p5i ,
which implies
∀i > 1 : ki = O(logH).
Step 5. End of the proof of Theorem 3.
Let us consider the set of the numbers (pi − 1)p
ki
i which belong to
{4h + 6, 4h + 10, . . . , 4h + 4H + 2} and for which ki > 0. By Step 4,
there are at most O(logH) possible values of ki and by Step 3, for each
value of ki, there is at most one value of pi. Thus the set we consider
has at most O(logH) terms, and, combining that with Steps 1 and 2,
the number of values of ϕ(N) which are congruent to 2 modulo 4 and
are in {4h+ 6, 4h + 10, . . . , 4h+ 4H + 2} is o(H) as soon as H tends
to infinity and h ≥ H2.
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